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Let K be a number ﬁeld and Ei/K an elliptic curve deﬁned
over K for i = 1,2,3,4. We prove that there exists a number
ﬁeld L containing K such that there are inﬁnitely many dk ∈
L×/(L×)2 such that Edki (L) has positive rank, equivalently all four
elliptic curves Ei have growth of the rank over each of quadratic
extensions Lk := L(
√
dk), more strongly, for any i1, i2, . . . , im ,
rank
(
Ei(Li1 · · · Lim )
)
> rank
(
Ei(Li1 · · · Lim−1 )
)
> · · ·
> rank
(
Ei(Li1 )
)
> rank
(
Ei(L)
)
.
We also prove that if each elliptic curve Ei for i = 1,2,3 can be
written in Legendre form over a cubic extension K of a number
ﬁeld k, then there are inﬁnitely many d ∈ k×/(k×)2 such that Edi (K )
for i = 1,2,3 is of positive rank.
© 2012 Elsevier Inc. All rights reserved.
1. Introduction
M. Kuwata and L. Wang have proved in [7] that for a pair of elliptic curves E1 and E2 deﬁned
over Q whose j-invariants are not simultaneously 0 or 1728, there exist inﬁnitely many square-free
integers d for which the rank of the Mordell–Weil group over Q of the d-quadratic twists Edi of E1
and E2 are positive. Also, G. Coogan and J. Jimenez-Urroz proved in [1] that for a pair of elliptic curves
E1 and E2 deﬁned over Q, there are inﬁnitely many square-free integers d such that both Ed1 and E
d
2
have rank 0 under the assumption that Ei has no Q-rational 2-torsion points, and there are inﬁnitely
many square-free integers d such that precisely one Edi has rank 0 under the BSD conjecture.
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ﬁnd a ﬁnite extension L of K such that inﬁnitely many square-free d ∈ L for which the ranks of the
Mordell–Weil groups over L of the d-quadratic twists of four elliptic curves are positive, equivalently
all four elliptic curves Ei have growth of the rank over each of quadratic extension L(
√
d). More
strongly, we prove that there is an inﬁnite sequence of quadratic extensions {Lk := L(
√
dk)} such that
for any i1, i2, . . . , im ,
rank
(
Ei(Li1 · · · Lim )
)
> rank
(
Ei(Li1 · · · Lim−1)
)
> · · ·
> rank
(
Ei(Li1)
)
> rank
(
Ei(L)
)
,
for all i = 1,2,3,4.
Also, we consider three elliptic curves Ei which can be written in Legendre form over a cubic
extension K of a number ﬁeld k, and prove that there are inﬁnitely many d ∈ k×/(k×)2 such that
Edi (K ) for i = 1,2,3 are of positive rank, that is, all three elliptic curves Ei have growth of rank over
the quadratic extension K (
√
d) of the ground ﬁeld K , and K (
√
d) are subﬁelds of Kkab.
To prove for four elliptic curve cases, our proof applies a geometric construction of a curve of
genus 1 in (E1 × E2 × E3 × E4)/(±1) and a curve of genus 0 in (E1 × E2)/(±1). For three elliptic
curves deﬁned over a cubic extension K over a number ﬁeld k, assuming that each of them can be
written in Legendre form over K as assumed in [6, Theorem 6], we ﬁnd a k-hyperelliptic curve in
E1 × E2 × E3.
2. Four elliptic curves
In this section, we consider positive rank quadratic twists of four elliptic curves deﬁned over a
number ﬁeld K and prove that there exists a number ﬁeld L containing K such that there are in-
ﬁnitely many dk ∈ L×/(L×)2 such that Lk := L(
√
dk) are linearly disjoint over L and E
dk
i (L) has positive
rank. We prove this result by ﬁnding a curve of genus 0 or 1 in the quotient of the product of two or
four elliptic curves by the diagonal action.
Now we prove the following lemma to describe a geometric construction of a curve of genus 0
or 1 in (E1 × · · · × En)/(±1) for n 4.
Lemma 1. Let K be a ﬁeld with char(K ) = 2 and for an integer n 2, let E1, . . . , En be elliptic curves deﬁned
over K , each of whose Legendre form over an algebraic closure K¯ of K is written in y2i = xi(xi − 1)(xi − λi)
where λi are all distinct. Then, letting (±1) act on E1 × · · · × En diagonally, there exists a curve Cn of genus
gn in (E1 × · · · × En)/(±1) over K¯ , where
gn = (n − 4)2n−3 + 1,
such that the inverse image C ′n in (E1 × · · · × En) of Cn under the quotient by (±1) is a curve of genus,
g′n = (n − 1)2n−2 + 1 > 1.
Proof. Considering E1 × · · · × En as a (Z/2Z)n-cover of
E1/(±1) × · · · × En/(±1) ∼=
(
P1
)n
,
via (P1, . . . , Pn) → (x(P1), . . . , x(Pn)) where x(Pi) is the x-coordinate of a point Pi of Ei if Pi = O and
x(Pi) = ∞ if Pi = O , we examine the inverse image in (E1 ×· · ·× En)/(±1) of P1 which is embedded
diagonally in (P1)n , i.e. which contains an aﬃne open set of the form {(x, x, . . . , x) ∈ Kn: x ∈ K }.
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(±1) on E1 × · · · × En . So if we let z1 = y1 y2, z2 = y1 y3, . . . , zn−1 = y1 yn , then an aﬃne open set of
the resulting curve as the inverse image has the following deﬁning equations:
⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
z21 = x2(x− 1)2(x− λ1)(x− λ2),
z22 = x2(x− 1)2(x− λ1)(x− λ3),
...
z2n−1 = x2(x− 1)2(x− λ1)(x− λn).
Its function ﬁeld is
K¯
(
x,
√
(x− λ1)(x− λ2),
√
(x− λ1)(x− λ3), . . . ,
√
(x− λ1)(x− λn)
)
,
which is a ﬁnite extension of K¯ (x) of degree 2n−1.
And if we let L1 = K¯ (x) and Li = Li−1(√(x− λ1)(x− λi)) for i = 2,3, . . . ,n, then Li is a quadratic
extension of Li−1, for each i = 2,3, . . . ,n.
Therefore, there exists a projective nonsingular projective curve Cn such that K¯ (Cn) = Ln and there
exists a non-constant morphism of degree 2n−1, φ : Cn → P1 induced from the inclusion of K¯ (x)
into Ln . (See [4, I §6] for details.)
Now we ﬁnd the ramiﬁcation points under φ. We investigate a local behavior of
√
(x− λ1)(x− λi)
at each extension Li over Li−1. For a uniformizer t = x − c of the local ring K¯ [[t]] where c ∈ K¯ ,
t − (d − c) = x− d is a unit in K¯ [[t]] for all d = c, and if t = x− λi for i = 1,2, . . . ,n, we have that for
j = i, as ideals,
(x− λi) =
(√
(x− λi)(x− λ j)
)2
.
So φ is ramiﬁed at P = [λi;1] ∈ P1 for each i = 1,2, . . . ,n with the ramiﬁcation degree 2, and for all
P = [c;1] with c = λi for all i = 1, . . . ,n, φ is unramiﬁed.
Also, for a uniformizer t = 1/x of K¯ [[t]], we have that
√
(x− λ1)(x− λi) = t−1
√
(1− λ1t)(1− λit),
so φ is unramiﬁed at the point at inﬁnity.
Since the characteristic of K is not 2, the ramiﬁcation at each λi for i = 1,2, . . . ,n is tame with
ramiﬁcation index 2, and so by the Riemann–Hurwitz formula, the genus gn of Cn is given by
2gn − 2= 2n−1(−2) + n2n−2(2− 1).
Moreover, if we let C ′n be the inverse image in E1 × · · · × En of Cn under the diagonal quotient
(±1), then the 2n-map from C ′n → P1 is ramiﬁed at 0,1,∞, λ1, . . . , λn . Since the 2n−1-map from
Cn → P1 is ramiﬁed only at λ1, . . . λn , the quotient map from C ′n → Cn is ramiﬁed at 0,1,∞ and the
ramiﬁcation index at each is 2 since the degree of this map is 2. So the 2n-map from C ′n → P1 is
ramiﬁed at 0,1,∞, λ1, . . . , λn with each ramiﬁcation index 2, and therefore, by the Riemann–Hurwitz
formula again, the genus g′n of C ′n is
2g′n − 2= 2n(−2) + (n + 3)2n−1(2− 1).
Since n 2, g′n = (n − 1)2n−2 + 1 > 1. 
We will need the following lemma to prove the linear disjointness in Theorem 3 and Theorem 4.
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Then it contains an inﬁnite subsequence of linearly disjoint extensions over K .
Proof. Since K1 and K2 are distinct quadratic extensions over K , we have that [K1K2 : Ki] = 2 =
[Ki : K ] for each i = 1,2. So K1 and K2 are linearly disjoint over K and moreover K1K2 is a (Z/2Z)2-
Galois extension over K . Let
L2 := K1K2.
If L2 is linearly disjoint from K3 over K , then let
L3 := L2K3 = K1K2K3.
If L2 is not linearly disjoint from K3 over K , then L2 ∩ K3 is a proper extension of K , and then since
[K3 : K ] = 2, we should have that L2 ∩ K3 = K3 so K3 ⊂ L2. Since (Z/2Z)2 has only three index-2-
subgroups, equivalently, there are only three distinct quadratic extensions over K as subﬁelds of a
(Z/2Z)2-Galois extension L2 over K , and K1, K2, and K3 are those of them, K4 cannot be contained
in L2. So L2 ∩ K4 = K , which implies that L2 and K4 are linearly disjoint over K . Then let
L3 := L2K4 = K1K2K4 = K1K2K3K4.
So we get a (Z/2Z)3-Galois extension L3 over K .
Inductively, suppose we get a (Z/2Z)n-Galois extension Ln over K where Ln is a compositum of n-
linearly disjoint quadratic extensions in {Ki}, say Ki1 , Ki2 , . . . , Kin and it is also equal to K1K2 · · · Kin .
Let J := {in+1, in+2, . . . , in+2n−n}. Then, it is impossible for all of 2n−n ﬁelds K j ∈ {Ki} for j ∈ J to
be contained in Ln , because if then, all Km for m ∈ {i1, i2, . . . , in} ∪ J are distinct quadratic extensions
over K contained in Ln , but (Z/2Z)n has only 2n − 1 index-2-subgroups, equivalently, there are only
2n − 1 distinct quadratic extensions over K as subﬁelds of a (Z/2Z)n-Galois extension Ln over K .
Therefore, there exists at least one of K j for j ∈ J which is not contained in Ln . Let j0 be the smallest
such j among j ∈ J . So LnK j0 ∩ K j0 = K . Hence Ln and K j0 are disjoint over K , i.e. Ki1 , Ki2 , . . . , Kin
and K j0 are linearly disjoint over K . Continuing this process with letting Ln+1 := LnK j0 , we get an
inﬁnite subsequence of linearly disjoint extensions over K . 
Now we prove the main theorem for four elliptic curves.
Theorem 3. Let K be a number ﬁeld and for i = 1,2,3,4, Ei/K an elliptic curve deﬁned over K . Then, there
exists a number ﬁeld L containing K such that there are inﬁnitely many dk ∈ L×/(L×)2 such that Lk := L(
√
dk)
are linearly disjoint over L and Edki (L) has positive rank, equivalently, for any i1, i2, . . . , im,
rank
(
Ei(Li1 · · · Lim )
)
> rank
(
Ei(Li1 · · · Lim−1)
)
> · · ·
> rank
(
Ei(Li1)
)
> rank
(
Ei(L)
)
.
Proof. Let ji ∈ K¯ denote the j-invariant of each Ei and let m be the cardinality of the set
{ j1, j2, j3, j4}. Then m = 1,2,3 or 4 depending on the number of isomorphic Ei .
If m = 3 or m = 4, then since there are six distinct values for λ which deﬁne Legendre forms of
isomorphic elliptic curves if the j-invariant of Ei is neither 0 nor 1728 and there are two (resp. three)
distinct values for λ if the j-invariant is 0 (resp. 1728) (see [9, III. Proposition 1.7]), we can choose
four distinct λi ∈ K¯ such that each Ei in Legendre form y2 = x(x− 1)(x− λi).
By Lemma 1 with n = 4, there exists a curve C of genus 1 in (E1 × E2 × E3 × E4)/(±1) over K¯
such that the inverse image C ′ in (E1 × · · · × E4) of C under (±1) has genus > 1. Hence, there exists
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an L-rational point. Moreover, by enlarging L, we may assume that C(L) contains a point P of inﬁnite
order.
Let
π : E1 × E2 × E3 × E4 → (E1 × E2 × E3 × E4)/(±1)
be the quotient map of degree 2 which is deﬁned over L. Let
R := {π−1([k]P): k ∈ Z}.
Then, R is inﬁnite. Since the set of rational points of C ′ of genus greater than 1 over any number ﬁeld
is ﬁnite by Faltings’ Theorem [2], for inﬁnitely many positive integers k ∈ Z the ﬁber π−1([k]P ) ∈ R
as an order 2 L-scheme is irreducible over L. Then, since the degree of π is 2, such a ﬁber π−1([k]P )
splits over a quadratic extension L(
√
d) of L for some d ∈ L − L2. Again, by Faltings’ Theorem [2],
there are inﬁnitely many k ∈ Z such that a ﬁber π−1([k]P ) ∈ R does not split over L but splits over a
quadratic extension L(
√
dk) for some dk ∈ L− L2 and L(
√
dk) are distinct, so by Lemma 2 for inﬁnitely
many of such k’s, L(
√
dk) are linearly disjoint over L.
Moreover, since π is the quotient by the diagonal action (±1) on points of C ′ and the function
ﬁeld of C ′ is Galois over the function ﬁeld of C , the diagonal action over a quadratic extension L(
√
dk)
is identiﬁed with the Gal(L(
√
dk)/L)-action on C ′(L(
√
dk)). Hence if a generator σ of Gal(L(
√
dk)/L)
does not ﬁx one factor Qk := (e1, e2, e3, e4) of a ﬁber π−1([k]P ) ∈ C ′ which splits over L(
√
dk), then
this means that
σ · Qk = −Qk, so σ · ei = −ei for each i = 1,2,3,4.
Hence the image of each of its projections onto each Ei(L(
√
dk)) is not ﬁxed under σ unless ei
are 2-torsion. Since
⋃
[N:L]2 Ei(N)tor is a ﬁnite set by [8, Lemma],
⋃4
i=1(
⋃
[N:L]2 Ei(N)tor) is ﬁnite.
Therefore, this implies that there exist inﬁnitely many dk ∈ L such that for i = 1,2,3,4, Ei(L(
√
dk))
has a rational point of inﬁnite order which is not deﬁned over L and so
rank
(
Ei
(
L(
√
dk)
))
> rank
(
Ei(L)
)
,
equivalently, rank(Edki (L)) 1, since
rank
(
Ei(L)
)+ rank(Edki (L))= rank(Ei(L(
√
dk)
))
.
We have shown that there exists an inﬁnite sequence {L(√dk)} of linearly disjoint quadratic ex-
tensions of L such that for each k, there exists a point Pi,k ∈ Ei(L(
√
dk)) − E(L) of inﬁnite order. Now
let’s ﬁx i = 1,2,3 and let Pi,k = Pk without confusion.
By [5, Lemma 3.12], there exists an inﬁnite sequence {Lk} of linearly disjoint quadratic extensions
of L such that for each k, there exists a point Pk ∈ Ei(Lk) − Ei(L) and Pk are linearly independent
non-torsion points. Moreover, by the linear disjointness of Lk ’s, for any i1, i2, . . . , im , the compositum
Li1 · · · Lim−1 is linearly disjoint from Lim over L, hence Pm /∈ Ei(Li1 · · · Lim−1) but Pm ∈ Ei(Lim ). In fact,
if Pm ∈ Ei(Li1 · · · Lim−1), then
Pm ∈ Ei(Li1 · · · Lim−1) ∩ Ei(Lim ) ⊆ Ei
(
(Li1 · · · Lim−1) ∩ Lim
)= Ei(L),
which is a contradiction. We have shown that for any i1, i2, . . . , im ,
B.-H. Im / Journal of Number Theory 133 (2013) 492–500 497rank
(
Ei(Li1 · · · Lim )
)
> rank
(
Ei(Li1 · · · Lim−1)
)
> · · ·
> rank
(
Ei(Li1)
)
> rank
(
Ei(L)
)
.
So this completes the proof for the case when m = 3 or m = 4.
If m = 2, we may assume that E1 and E2 are non-isomorphic elliptic curves and each of E3 and
E4 is isomorphic to one of E1 and E2 over a ﬁnite extension L′ over K . Then we can extend L′ to a
ﬁnite extension L′′ so that there exist two distinct λi ∈ L′′ for i = 1,2 such that Ei can be written in
Legendre form y2 = x(x− 1)(x− λi).
Then by Lemma 1 with n = 2, there exists a curve C2 of genus 0 in (E1 × E2)/(±1) whose inverse
image under the diagonal quotient is a curve C ′2 of genus > 1. We can extend L′′ to a ﬁnite extension
L over K such that C2 and C ′2 are deﬁned over L and the genus 0-curve C2 has a rational point over L
so that C2 ∼=L P1.
Then by the same argument as in the case when m = 3 or m = 4 with the diagonal quotient map,
π : E1 × E2 → (E1 × E2)/(±1)
and the inﬁnite set
R := {π−1(t): t ∈ P1(L)},
we show that it is true in this case.
If m = 1, we may assume that all Ei are isomorphic over a ﬁnite extension L of K and in particular
we ﬁx a Weierstrass equation y2 = f (x) over L of E1. Then its quadratic twist by f (t) ∈ L[t] deﬁned
by f (t)y2 = f (x) has positive rank over L(t) with point (t,1) of inﬁnite order (note that x- and y-
coordinates of a torsion point must satisfy an algebraic equation but t is an indeterminate). Then by
Silverman’s specialization theorem [9, C.20, Theorem 20.3], for all but ﬁnitely many t ∈ L, the rank of
E1(L(t)) is less than or equal to the rank of (E1) f (t)(L), hence the rank of (E1) f (t)(L) is positive for
all but ﬁnitely many t ∈ L, equivalently
rank
(
E1
(
L
(√
f (t)
)))
> rank
(
E1(L)
)
.
Then by Lemma 2, there are inﬁnitely many disjoint quadratic extensions L(
√
f (t)) such that the
rank of (E1) f (t)(L) ∼= (Ei) f (t)(L) for all i = 2,3,4 is positive, which shows that the theorem is true in
this case. 
3. Three elliptic curves
In this section, we consider positive rank quadratic twists of three elliptic curves which can be
written in Legendre form over a cubic extension K of a number ﬁeld k and then we show that there
are inﬁnitely many quadratic extensions Mi of the ground ﬁeld K such that Mi are subﬁelds of Kkab
and all three elliptic curves have growth of rank over Mi .
Theorem 4. Let K be a number ﬁeld which contains a subﬁeld k such that [K : k] = 3. For i = 1,2,3, let Ei be
an elliptic curve which can be written in Legendre form over K . Then, there are inﬁnitely many dk ∈ k×/(k×)2
such that Kk := K (
√
dk) are linearly disjoint over K and E
dk
i (K ) for i = 1,2,3 has positive rank, equivalently,
for any i1, i2, . . . , im,
rank
(
Ei(Ki1 · · · Kim )
)
> rank
(
Ei(Ki1 · · · Kim−1)
)
> · · ·
> rank
(
Ei(Ki1)
)
> rank
(
Ei(K )
)
,
for i = 1,2,3.
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Ei: y
2 = x(x− 1)(x− λi),
where λi ∈ K .
Then since K is a cubic extension of a given subﬁeld k, we have the following cases: all λi /∈ k,
all λi ∈ k, only one λi , say λ1 is in k, or only two λi , say λ2 and λ3 are in k. We deﬁne polynomials
L(t),M(t),N(t),d(t) ∈ k[t] and gi(t) ∈ K [t] for each i = 1,2,3 as follows for each case:
Case 1: Suppose k(λi) = K for all i = 1,2,3 or suppose k(λi) = k for all i = 1,2,3.
If k(λi) = K for all i = 1,2,3, then let
L(t) := t3 − at2 + bt − c ∈ k[t]
denote the minimal polynomial of λi over k for i = 1,2,3. Note that λi have the same minimal
polynomial since k(λi) = K .
If k(λi) = k for all i = 1,2,3, let
L(t) := (t − λ1)(t − λ2)(t − λ3) := t3 − at2 + bt − c ∈ k[t].
Since L(λi) = 0 for i = 1,2,3, expanding, we have
(
b − t2
2
+ (t − a)λi + λ2i
)2
= M(t) + N(t)λi,
where
M(t) := t
4 − 2bt2 + 8ct + b2 − 4ac
4
and N(t) = −L(t).
For i = 1,2,3, let
gi(t) = b − t
2
2
+ (t − a)λi + λ2i ∈ K [t].
Case 2: Suppose k(λ1) = k and k(λi) = K for i = 2,3 or suppose k(λ1) = K and k(λi) = k for
i = 2,3.
If k(λ1) = k and k(λi) = K for i = 2,3, then let
L(t) := (t − λ1)2 f (t) := t5 + at4 + bt3 + ct2 + dt + e ∈ k[t],
where f (t) denotes the minimal polynomial of λ2 (or λ3) over k.
If k(λ1) = K and k(λi) = k for i = 2,3, then let
L(t) := (t − λ2)(t − λ3) f (t) := t5 + at4 + bt3 + ct2 + dt + e ∈ k[t],
where f (t) denotes the minimal polynomial of λ1 over k. Expanding, we have
(
b + (t − e)(t2 − et + a)
2
+ a − (t − e)
2
2
λi + tλ2i + λ3i
)2
= M(t) + N(t)λi,
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M(t) := 1
4
t6 − et5 +
(
a + 3e2
2
)
t4 + −3ae + b − 2e
3
2
t3
+ a
2 + 6ae2 − 4be + e4
4
t2 + (a + e
2)(b − ae) − 4d
2
t + (b − ae)
2 + 4de
4
,
N(t) := −3t5 + 37e
4
t4 − 11e2at3 + 3b + 2ae + 13e
3
2
t2
− 2e(b + e3)t + 2ab + 2be2 − a2e − 4d + e5
4
.
For i = 1,2,3, let
gi(t) = b + (t − e)(t
2 − et + a)
2
+ a − (t − e)
2
2
λi + tλ2i + λ3i ∈ K [t].
Now for each case, let
d(t) := N(t)M(t)(M(t) + N(t)) ∈ k[t].
For i = 1,2,3, deﬁning
xi(t) := −M(t)
N(t)
, and yi(t) := gi(t)
N(t)2
,
we verify by computation that (xi(t), yi(t)) ∈ K (t)2 lies on Ed(t)i , i.e., belongs to Ed(t)i (K (t)). Note that
d(t) ∈ k[t] and degd(t) = 11 or 17, so w2 − d(t) is irreducible in k¯[w, t].
For a ﬁnite extension L of k, we let
H(d, L) := {t′ ∈ k: w2 − d(t′) is irreducible over L}
be the intersection of k with the Hilbert set of d over L. By the Hilbert irreducibility theorem [3,
Chapter 12], such an intersection is non-empty.
Specializing t in k by the Hilbert irreducibility theorem in this way, we obtain an inﬁnite sequence
{dt} of distinct elements in k×/(k×)2 and points of inﬁnite order in Edti (K ). Moreover, we can get such
an inﬁnite sequence that Kk := K (
√
dk) are linearly disjoint over K by the Hilbert irreducibility or by
Lemma 2. Then as we have shown in the proof of Theorem 3, we show that for any i1, i2, . . . , im ,
rank
(
Ei(Ki1 · · · Kim )
)
> rank
(
Ei(Ki1 · · · Kim−1)
)
> · · ·
> rank
(
Ei(Ki1)
)
> rank
(
Ei(K )
)
,
for i = 1,2,3. 
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